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Jozef NEDOMA*

ORIENTED SYMMETRY ELEMENTS IN SPACE
PART 1. ABBREVIATED SYMBOLS

Abstract. Abbreviated symbols of the general type
M|A M N P

n|{N|B and n( )
PlC Xo Yo Zo

for describing oriented symmetry elements in space are defined.

INTRODUCTION

In the series of foregoing papers published in this journal (1980—1983) the pro-
blems of coexistence of oriented point symmetry elements have been discussed in terms
of abbreviated matrix symbols. Now an attempt will be made to enlarge these
symbols in such a manner to discuss the problems of oriented symmetry elements
coexisting in space.

GENERAL REMARKS

As demonstrated earlier each point symmetry operation can be described using
one of two possible abbreviated symbols:

n(MNP) for usual rotation axes
ii(MNP) for inversion axes

Using the generalized matrix we can always pass from an abbreviated symbol
to the corresponding matrix and vice-versa. Let us consider now a symmetry opera-
tion coexisting with a translation. The symmetry operation can be written in form
of a matrix with elements a;, and the translation can be given as a vector T with

components T, T, T,.
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If we transform the coordinates of a point x, y, z using ﬁrs_tly the matrix yvith ele-
ments a;; and performing then the translation 7" we obt.am three coordinates of
a new point which corresponds to the point with coordinates x, y, z.

X' =ay, X+a1, y+as z+1x
y'=a21‘x+azz‘y+azs‘z+Ty
2 =3y X+0a3; Y +as3° 2+ T,
If we perform firstly the translation and then the transformation described by a;;
we obtain other values x', y’, z":
x’=al1'x+alz'}’+a13‘z+an'Tx+alz'Ty+a13'Tz
Y =051 x+a, y+a3 21031 T d el
2'=a3;°X+as; y+ass-z+as; Tytasy Tytass 1,
In both cases the resulting matrix has the general form:
d11 Q12 Q13 Qa4
dz1 G2 Q23 Qza
d3; A3z Q33 Az

For describing symmetry operations in space we must therefore use matrices of
the general type written above (the so called “3x4” — matrices).

Transforming the coordinates of a point x, y, z using firstly the matrix 4 with
elements a;; and acting then on the resulting coordinates with an other matrix B
with elements b;; we obtain new coordinates x'y’z" given by the formulae:

X' =gy X+C12y+C13°2+b1y A1atb12aratb13 341014y

V' =01 X+ Copy+Cr3: 24Dy A1atb2pratbs30a34+b04

Z'=c3y X+C35°y+C33°z4b31 " a14tb32Apa+b33°a34+b3a
where the matrix with elements ¢;; (matrix C) fulfils the matrix equation C= B- A.
As it can be seen the resulting matrix can be easily obtained by usual matrix
multiplication if both matrices to be multiplied are written in the form “4x4”.

biy biy bz bys ayy Gy Q13 4y
byy by bas boy| X |Gy Gy @y A
131 by, bz bi Q3 ' Ad3; Q33 A3y
|0 1

The resulting matrices in both cases discussed above can be now obtained
directly by matrix multiplication:

e 1000 T ay; ay; a3 0 11 Ay a1 T
01 0 Tl xillar ar a3 Oli=llaz a4y, @y T,
00 1 T a3y 43, az; 0 as; a3, azz T,
UerlBe Wb 0 0 0 1 1
and
ay, a;, a3 0 ‘ licnOladns Ty adiina, a3 T
a1 a3y a3 OlRiiOacTlewnOni Tl =\\a5 }8a,, a3 T,
“031 as; azz 0 “O e 107 a3 @ as T
oy 0 0 0 1j )Vl Dl 0 0 1

T;::= a1 Tetay,- st ara T
T;; =a,1" Ty+a,,- Ty+ay; T,
Tzzasl'Tx+032'Ty+033'Tz 3
. The matrices 3 x 3’.’ contained in the matrices “4x4” are multiplied exactly
in the same manner as in the case of point groups. )
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ABBREVIATED SYMBOLS

Let us limit ourselves to the case when D=1 and introduce the following abbre-
viated symbol

M|ag, dyy Q12 4y3 Q4yg
n| N |ax for Q1 Q33 Qz3 Qa4
P |as, Q31 Q3p Q33 Qd3a

1

The matrix “3x3” is described with the usual symbol n(MNP). The values
MNP are written this time vertically for reasons to be clear later. The right column
in the symbol contains the values a;,a,4a;4.

Using the methods discussed in foregoing papers we can always write an abbre-
viated symbol for a given matrix and vice-versa.

EXAMPLE 1

Write an abbreviated symbol for the matrix

it
0
1
0
0

===l
— QN W

The matrix “3 % 3” contained in this matrix can be described with the symbol
4(001), then the full abbreviated symbol corresponding to the given matrix is

W11
4(06)
17

EXAMPLE 2
Write the matrix corresponding to the abbreviated symbol
152

3 ( 1|6
il

We write the matrix “3x3” corresponding to the symbol 3(111) and ‘‘enlarge”
it to

—_— O\ N

Each symmetry axis described with the symbol n(MNP) passes through the origin
of the system of coordinates. :

Let us assume now that the symmetry axis must not pass thrgugh the point
0,0, 0 but that it can pass through an arbitrary chosen point wnth coordinates
XoYoZo. What matrix will describe the action of such a symmetry operation on a point

Xn Moz
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If we shift all points in space according to the formulae:
X=x—xy Y=y—Yyo Z=z—2
the point xyz will coincide with the origin of coordinates.

We can therefore write

X' =a, X+a,,' Y+a,3°Z
Y=a,'X+a,,Y+a,3'Z
ZI =3 'X'!’”a32' Y+033'Z
Substituting
X =Xx"—xp Y=Y —Vouil. =220
we obtain
X’=an'x+a12'Y'+'a13'2+(1*an)'xo"‘au'}’o'ans'zo
Y =a1'x+0a,,"y+0a33°2—0a3; ‘Xo+(1—a22) " Yo—a23° 20
2 =ay,'x+a;3,°y+az; z—as, ‘Xo—daz Yo +(1—as3) 2o
To write such a matrix the matrix elements a,, for the “3 x 3” matrix and the values

XoYVoZo must be known.
Let us introduce for this matrix the following abbreviated symbol containing

all informations needed:
(M N P)
nl-=
X0 Yo Zo

Knpwing this symbol we can immediately write the corresponding matrix:
We write firstly the “3 «3” matrix for the symbol n(MNP) and then calculate the
elements of the fourth column according to formulae

aya=(—ay1) Xo—a12"Yo—a13'20
Q24 = —031 X0+ (1—a33) Yo—a23° 29
A3 = —d3y°"Xo—d3z"' Yo+ (1—a33) 2o

EXAMPLE 3

Write the matrix corresponding to the abbreviated symbol 2<0 : 1)

DN
We have The matrix has the form
-1 0 0 =1 0:0 6
A01DY=.1 .40 0. 1 0,001 ¢ —6
O o0 (0 et 6
14=2'Xy A34=Yo—2g A34= —Yo+2, 0 00 I
ay4=6 a4 =—06 a3,=06

STANDARDIZATION OF THE SYMBOL N (M Y P)
X0 Yo 20

The axis passes not only through the point x4y,z,: all points with coordinates
X =Xo+Mt y=y,+N't 2z,=zy+P:t
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Jay also on the axis. Each of them can be chosen to describe the position of the axis
in space. This means that for each arbitrary chosen t-value the points with coordi-
nates x,y,z; should lead to the same matrix.

Let us check this supposition for a4

aya=(—a,)x,—a12"Y1—a13°Z
After substitution and rearrangement we obtain

au=(1—011)'Xo—axz')’o—‘ala'zo+t'(M—M‘al1—N'012—P‘013)

Substituting for a,,a,,a,; their values from the generalized matrix we can
easily state that for D=1 the expression in parentheses is always equal zero. Thus
independently of ¢ for all points with coordinates x,y,z, fulfilling the parametric
equation of the straight line coinciding with the axis the same matrix is obtained.

To pass vice-versa from the matrix to the symbol we should calculate the xo0Zo
values knowing the fourth column elements @,4d240d34- As the number of points
Jaying on the axis is infinite the set of equations can not be solved for xYo02o (the de-
terminant being equal zero). An additional condition is needed to define only one
point on the axis which will be used to describe the position of this axis in space.

If the axis does not pass through the point 0, 0, 0 we can always find on it a point
for which M:xo+N:yo+P:2o=0
Using this additional equation we can discuss the general symbol

& (M NP)
Xi Vi 2z
in the following manner.

If M-x,-+N-y,+P-z,=0 the symbol can be treated as written in the standardized

form
(M N P>
n
Xo Yo Zo
If M-x,+N-y,+P-z #0 the symbol can be standardized. The equations for x;y:z;

are multiplied by M, N, P respectively and added
M- x+N-y+Pz=t

because of the assumption M- xo+N-yo+P 2o=0 : i .
and because of the fact that normalized MNP values fulfil the equation M?+N*+4

P j
Knowing the ¢ value we can calculate the X0z, values from equations

Xo=X—M"t yo=n—N-1 Zo—21— Pt

EXAMPLE 4

Les us discuss the symbol

A



This symbol describes a twofold axis 2(011) passing through the point 3, 2, 5.

1 1 7/

MEa s DL DR S

The symbol can be standardized g
) 7 e _5_1_1
i il o G Fe R

In standardized form the symbol can be written

B s gunl
2(3 =5 1,5)

The corresponding matrix has the form

—1 0 0 6
G sl )
O 21550 3
00 =0 1

independently whether we use the x;y;z; or X¢y0z, values.

Jézef NEDOMA

ZORIENTOWANE ELEMENTY SYMETRII W PRZESTRZENI
Cze$¢ 1. Symbole skrocone

Streszczenie
Zdefiniowano symbole ogdlne typu

M| A

n|{N|B i n(MNP)
plc Xo Yo Zo

opisujace zorientowane elementy symetrii w przestrzeni.

H03egh Hedoma

OPUEHTUPOBAHHBIE 3JJEMEHTBI CUMMETPUM B ITPOCTPAHCTBE
Yacre 1. Coxkpamiennsie cHMO0JIbI

Pesrome

Ol'lpeZlCJICHbl 06U.lHC CUMBOJIBI THUIIA

M| A
ar n(MNP)
Plc Xo Yo Zo

ONMUCBLIBAIOIIME OPUEHTUPOBAHHBIE 3JIEMEHTBI CUMMETPHUHA B NPOCTPAHCTBE.
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